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1 Executive Summary

Treasury liquidity management begins with a liquidity maturity ladder: a time-ordered view
of expected inflows, outflows, available liquidity and funding needs. The ladder remains in-
dispensable, but a single planned path cannot show how long a future liquidity position may
remain under pressure, whether breaches recur, or whether a stressed position recovers before
the planning horizon. This whitepaper develops a stochastic extension of that established
Treasury framework.

The model starts from planned position-level cash flows and their historical signed deviations.
The least absolute shrinkage and selection operator (LASSO) estimates sparse predictive factor
exposures for each cash-flow position [1]. The union of factors selected across positions defines
the factor vector calibrated in a joint factor autoregression (JFA). Simulated factor paths and
jointly simulated cash-flow residuals form two stochastic components within one Monte Carlo
architecture. Each scenario produces a complete liquidity path rather than only an endpoint
distribution.

Behavioural cash-flow modelling, penalised regression, multivariate scenario generation and
Monte Carlo simulation are established upstream methods; stochastic cash-flow analysis has a
well-established corporate-risk precedent [2]. The contribution developed here is the systematic
application of occupation-time concepts and excursion-based path statistics to simulated Trea-
sury liquidity paths. Together, these statistics quantify the duration, persistence, recurrence,
recovery and severity of liquidity stress.

The principal duration measure is Expected Time Under Stress (ETUS): the expected calendar
time spent in a predefined liquidity stress region. Conditional ETUS measures the average
duration among scenarios in which stress actually occurs. These measures are complemented
by first-passage time, excursion counts and durations, recovery statistics, maximum depth and
integrated shortfall. The resulting metric set connects naturally to funding tenor, contingency
preparation time, liquidity-buffer sizing and recovery planning.

The central Treasury insight is that two scenarios with the same terminal
liquidity and the same minimum liquidity can require materially different
responses when one produces a long uninterrupted shortfall and the
other produces brief, recoverable episodes.

2 From the Liquidity Ladder to Stochastic Paths

2.1 The Treasury foundation

The traditional liquidity ladder organises contractual and expected cash flows into maturity
buckets and accumulates them into a funding profile. In practice, Treasury combines con-
tractual cash flows with behavioural assumptions, contingent outflows, liquidity buffers and
potential management actions. Liquidity gap analysis, survival-horizon analysis and stress
testing provide complementary views of the institution’s capacity to meet obligations [3, 4].
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The framework proposed here does not replace the ladder. It treats the deterministic plan
as a reference path: the institution’s information set and planning assumptions at a specified
vintage. It is neither a forecast with certainty nor a neutral baseline that can be revised
retrospectively. The model asks how realised cash flows may deviate from that reference path
and how those deviations accumulate into alternative liquidity trajectories.

This positioning matters operationally. Treasury continues to own the cash-flow taxonomy,
behavioural assumptions, currencies, time buckets, liquidity perimeter, buffer definition and
management-action policy. The stochastic layer adds a distribution of paths around those
choices. It therefore extends established liquidity planning without asserting direct equivalence
to LCR, NSFR or any prescribed regulatory calculation.

2.2 Cash-flow architecture

The cash-flow perimeter should preserve economically distinct sources rather than forcing all
future flows into a single statistical series.

Table 1: Cash-flow classes in the Treasury reference plan.

Class Typical content Treatment in the framework
Contractual Debt maturities, coupons, committed Retained explicitly according to con-
payments and receivables tractual terms and data quality
Behavioural Non-maturing deposits, prepayments, Represented by approved behavioural
renewals and customer drawdowns assumptions and modelled deviations
Contingent Collateral calls, committed facilities, Included through scenario-dependent
guarantees and stress-sensitive outflows assumptions or dedicated positions
Management Funding issuance, asset monetisation Modelled separately, with feasibility,
actions and discretionary balance-sheet mea- timing and governance constraints

sures

For cash-flow position 7 and bucket ¢, let P;; denote the planned net cash flow recorded in
the applicable plan vintage, and let A;; denote the subsequently realised net cash flow. The
historical signed plan deviation is

Dt = Ait — Py (1)

The sign convention is preserved throughout: a positive deviation means that realised net cash
flow is above plan; a negative deviation means that realised net cash flow is below plan. Plan
vintages are essential. Each D;; must compare the actual with the plan genuinely available
before ¢, not with a later restatement.

The proposed framework is implemented and numerically validated in a Python prototype
using a synthetic Treasury portfolio. The implementation provides the computational basis for
the illustrative results presented in this paper.
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3 Position-Level Deviation Model

3.1 Predictive factor exposures

Let Z; denote the broad, information-safe candidate factor universe. For each position i, the
conditional deviation model is
Diy =i+ Z Bi + €y, (2)

where «; is an intercept, 3; is a vector of predictive factor sensitivities and ¢; ; is the unexplained
cash-flow residual. Candidate drivers can include yield-curve factors, credit spreads, inflation,
activity measures, foreign-exchange rates, volatility and institution-specific behavioural indica-
tors. Publication lags and data revisions must be respected.

The position-level LASSO estimator [1] is
~ B : 1< T.)\2
(@i, B;) = argmin § — Z (Di,t —a—127 5) + XillBll ¢ - (3)

a,f 2n P

The penalty is selected through time-respecting validation, and preprocessing is fitted on train-
ing observations only. The estimated coefficients represent predictive exposure, not causal
impact.

3.2 Factor selection before joint dynamics

For each position, define the selected factor set
Fi={j:Bi; #0}. (4)
The joint scenario generator is calibrated only on the union

F=U=x. (5)

Let X; = Z; r denote the resulting selected-factor vector. This explicit selection step keeps
the multivariate dynamics aligned with the drivers retained by the position models and avoids
calibrating a high- dimensional joint process on irrelevant candidates.

4 One Monte Carlo Architecture, Two Stochastic Blocks

4.1 Factor innovation block

After LASSO selection, the retained factors are simulated jointly by a parsimonious first-order

vector autoregression [5], termed the joint factor autoregression (JFA) here.

Xt =c+ (I)Xt_l + U, E[Ut} = 0, Var(ut) = Eu,
T
(¢, @) = arg min Y IXe —c— ®Xi 13, (6)
ot=2
X =+ X +ul, Wl ~ N(0,5,)
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The parameters ¢ and ® are estimated by multivariate least squares. The resulting fitted
differences are historical JFA estimation residuals and are used to estimate iu In the Monte
Carlo simulation, new Gaussian innovations ugs), rather than historical residuals, drive the
future factor paths. They are independent across future dates and scenarios, while f]u captures
their contemporaneous cross-factor dependence. The matrix d generates own-factor persistence
and lagged cross-factor dependence, so the simulated factor paths are not iid.

The JFA is a baseline scenario-generator specification rather than a requirement of the down-
stream methodology; alternative joint factor models can be used without changing Occupation
Time, ETUS, Conditional ETUS, excursion-based analysis or severity measures.

4.2 Cash-flow residual block

The residual vector
€ = (61,75, cee 7€m,t)T (7)

collects shocks that remain after conditioning on the selected factors. These are different
objects from ws: they affect unexplained cash-flow deviations rather than factor dynamics.
Their contemporaneous dependence can be represented by

Var(e) = X, (8)
or empirically by resampling complete residual rows. The baseline may assume Cov(uy, €;) = 0,

but that assumption requires empirical and economic challenge.

4.3 From innovations to liquidity paths

For scenario s, the systematic deviation component is

~(s R AT =~
DY =i+ (Xj(r)t) Bi,Fi- (9)
Adding the residual shock gives

D} =D{L,+ey, O =P+ D). (10)

Sys,,t it %,

Position cash flows aggregate to Ct(s) =2 C’i(j), and the liquidity path is

LY = Lo+ Y 0. (11)

r<t

For irregular grids, all duration measures use actual bucket widths.
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Figure 1: Integrated calibration, selected-factor scenario generation and liquidity-path analyt-
ics. The two stochastic components belong to one scenario architecture and merge
before liquidity-path construction.
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5 A Modular Factor Scenario Generator

5.1 Scenario alignment

Each simulated selected-factor path carries a consistent scenario and future-day index into
every position model. Using only the position’s selected coordinates and estimated coefficients
produces systematic cash-flow deviations that remain mutually consistent with the common
macro-financial scenario.

The independently generated residual vector egs) represents cash-flow uncertainty not explained

by the selected risk factors. For each Monte Carlo scenario s, this residual component is added
to the factor-driven cash-flow deviation generated from Xt(s), yielding the total simulated cash-

flow deviation. The factor innovations uff) and cash-flow residuals egs) therefore represent

distinct sources of uncertainty within the same simulated liquidity scenario.

5.2 Modularity and alternative generators

Occupation and excursion analysis begins only after liquidity paths have been constructed. The
path methodology therefore does not depend on the JFA baseline. Historical block bootstrap,
multivariate mean-reverting processes and regime-switching models can supply alternative joint
factor paths without changing the downstream definitions of liquidity stress.

The chosen generator must preserve economically relevant dependence, avoid look-ahead bias
and expose its innovation assumptions. Its adequacy is judged both by factor diagnostics and
by the sensitivity of downstream liquidity-path measures.

6 Occupation Time: Measuring Duration of Stress

6.1 Stress region and path functional

Let (Lt)o<t<T be a liquidity process with deterministic, possibly time-dependent threshold h.
Define the liquidity stress region
S =100 < h}. (12)

The occupation time is

T T
OTS(T) = /O 1{Lt€$t} dt = /U l{Lt<ht} dt. (13)

Onagrid 0 =ty <ty <--- <ty =T, with bucket widths At; = t; —t;_1, the scenario-wise
estimator is

N
OTY (1) ~ 3" Atj1
j=1

The endpoint convention must be fixed. With daily buckets, OTg is measured in days.
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6.2 Expected Time Under Stress

The principal duration measure is
ETUSs(T) = E[OTs(T)). (15)

For M equally weighted scenarios, it is estimated pathwise by the sample mean of Equation (14).
A useful companion is

CETUSs(T) = E[OTs(T) | OTs(T) > 0]. (16)

ETUS answers how much stress time is expected across all scenarios; conditional ETUS answers
how long stress lasts on average when it occurs.

Probability representation. On the finite horizon, Tonelli’s theorem applied to the non-
negative indicator gives the equivalent representation

ETUSs(T) = /0 CB(L e 8 (17)

This representation shows that ETUS can equivalently be interpreted as the time integral of
the marginal probability of being in the stress region. In the Monte Carlo implementation,
however, ETUS is estimated directly from the simulated liquidity paths by averaging their
scenario-wise occupation times.

6.3 Occupation time and local time

Occupation time is calendar time spent inside a region. Local time describes the intensity with
which a continuous stochastic process visits a particular level and is connected to occupation
time through occupation-density theory [6]. ETUS is based on occupation time. The discrete
bucket-counting estimator in Equation (14) is not a local-time estimator.

7 Excursion-Based Analysis and Severity

For a discrete liquidity path observed at end of day, a stress excursion is a completed threshold-
return cycle. It starts when consecutive end-of-day observations record a crossing from Lgs) >

hy to Lff) < ht, comprises the ensuing maximal sequence below the threshold, and ends with
the first recorded crossing back to LES) > h;. A below-threshold sequence still open at the
horizon is reported separately as a right-censored stress episode and is not counted as a com-
pleted excursion. Both completed excursions and right-censored stress episodes contribute to
occupation time. This operational discrete-time definition requires neither interpolation nor

local time and is not a claim to a full implementation of It6 excursion theory.

Occupation time alone cannot distinguish one uninterrupted episode from several shorter
episodes with the same total duration. First-passage time, excursion count, individual and
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longest duration, recovery time and the terminal-breach indicator describe the temporal organ-
isation of stress. A recovery rule must state whether one non-stress bucket is sufficient or a
sustained exit is required. The numerical example uses the first end-of-day value at or above
the threshold.

Duration does not measure the amount of missing liquidity. Define the instantaneous short-
fall
G = (hy— L))", 2T = max(z,0). (18)

Maximum depth and integrated shortfall are

MD®)(T) = sup G\, (19)
0<t<T
T N
1S6)(T) = / G dt = 37 Atj(he, — L) (20)
0 ‘
7j=1

Occupation measures duration, excursions describe temporal structure, and severity measures
depth. Integrated shortfall combines depth and duration in currency-time units.

8 Path-Level lllustration: Why Full-Path Analysis Changes the Treasury View

Figure 2 compares two persisted simulations with nearly identical terminal and minimum
liquidity but different temporal structures. Scenario 4119 has one completed threshold-return
cycle over future days 2-23 and returns above the threshold on day 24. Scenario 8484 has four
completed excursions and 33 occupation days. Markers identify entry and return crossings;
shading shows the integrated-shortfall contribution for L; < 10,000.

The paths are actual Monte Carlo scenarios. Attribution reconstructed from their simulated
risk-factor and cash-flow paths identifies credit spreads, interest-rate levels and volatility as
the strongest adverse factor contributions; wholesale funding, committed facilities and mar-
gin/collateral provide the largest negative cash-flow contributions during stress. Their timing
generates materially different occupation and excursion structures despite nearly identical ter-
minal and minimum liquidity. These model-based path attributions should not be interpreted
as causal effects.

9 Practical Treasury Interpretation

Applications include liquidity and funding planning, contingency funding, collateral manage-
ment, ILAAP, internal stress testing, risk appetite and early-warning indicators. Thresholds
may represent an internal reserve, management buffer or time-varying operational requirement
and require independent approval with an explicit currency, perimeter and horizon.

Maximum depth sizes peak support, while conditional ETUS and the longest excursion indicate
its potential tenor. Endpoint diagnostics remain useful secondary views but omit duration,
recurrence and recovery.
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Completed threshold-return cycles with nearly identical endpoints
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Figure 2: Actual simulated paths at h = 10,000. Scenario 4119 and Scenario 8484 have nearly
identical terminal liquidity (10,586.73 versus 10,585.56) and minima (9,845.18 versus
9,845.05), yet their completed return-cycle structure differs. Scenario 4119 has one
22-day excursion; Scenario 8484 has four excursions lasting 2, 1, 14 and 16 days, for
33 occupation days in total. Integrated shortfall is 2,122.03 versus 2,584.75.

Table 2: Path measures and Treasury decisions.

Measure

Treasury interpretation

Any-breach probabil-
ity

Occupation time /
ETUS

Conditional ETUS
First-passage time
Longest excursion
Excursion count
Maximum depth
Integrated shortfall
Terminal breach

Likelihood that the path enters the stress region
Expected duration for which liquidity support may be required

Expected support tenor if stress actually occurs

Preparation time before the first projected stress episode
Potential uninterrupted tenor of a facility or buffer deployment
Recurrence and repeated execution or governance burden

Peak liquidity amount and input to buffer sizing

Combined depth-duration exposure in currency-time units
Unresolved shortfall at the planning horizon
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10 Portfolio-Level Monte Carlo Results

While Section 8 illustrates path-level differences using two individual Monte Carlo scenarios,
this section summarizes the full distribution across 10,000 simulated liquidity paths.

10.1 Synthetic design and path distribution

Illustrative synthetic example. The calculation uses 10,000 scenarios over 90 future days
with Ly = 10,000. Its six cash-flow categories are non-maturing deposits, loan repayments,
wholesale funding, margin and collateral, committed facilities and operating cash flows. The
moderately positive reference plan ranges from 4.16 to 11.84 units daily, averages 8.51 and
cumulates to 766.00 units. Positions remain signed to preserve planned inflows and outflows.

The eight LASSO-retained factors are interest-rate level, credit spread, inflation, GDP growth,
FX factor, sector factors 1 and 2, and volatility; the JFA models them jointly. This synthetic
selection is not a universal Treasury factor specification. Margin and collateral links to credit
spreads, FX and volatility, while other categories retain different subsets. The prototype-
generated values are not empirical bank results.

Simulated liquidity paths under a moderately positive reference plan

5%-95% band - Planned reference
= Median === Threshold

11500 4

11000 -
Fol
£
=
g
~ 10500 -

10000 +

0 10 20 30 40 50 60 70 80 920
Future day

Figure 3: Selected simulated liquidity paths, the 5%-95% band, median, planned reference and
illustrative threshold A = 10,000. The horizontal axis represents future days. The
positive reference plan avoids an artificial deterministic decline while the stochastic
deviations still produce stressed paths.

The median terminal liquidity is 10,993.74 and the mean is 10,999.01, with a terminal stan-
dard deviation of 435.94. The planned reference ends at 10,766.00. The baseline illustra-
tive threshold is h = 10,000. It produces a non-trivial breach probability, a non-degenerate
occupation-time distribution and observable variation in recovery and excursion structure. It
is a transparent analytical threshold, not an economically or regulatorily calibrated limit.

10
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10.2 Baseline result profile

Table 3: Path-risk results for the illustrative threshold h = 10,000.

Metric Persisted result
Breach probability 30.76%
ETUS 4.0808 days
Conditional ETUS 13.2666 days
Median occupation time 0 days
95% occupation time 25 days
Mean excursion count | breach 1.6268
95% longest excursion | breach 39 days
Recovery probability | breach 96.42%
Terminal-breach probability 1.10%
95% maximum depth | breach 273.88
95% integrated shortfall | breach 5,923.36

The unconditional median occupation time is zero because most scenarios do not breach. Con-
ditional ETUS is therefore the clearer measure of duration among stressed paths, while the
breach probability retains the frequency dimension. The low terminal-breach probability rela-
tive to the any-breach probability shows that most breached paths recover before day 90. The
95% maximum depth and integrated shortfall quantify severity among breached scenarios.

Occupation-time distribution Breach probability by future day
M = ETUS = 4.08 days
7000 - —— Conditional ETUS = 13.27 days
8 -
6000 A
9
€ 5000 >
O Q
© 4000 3
5 °
c Q
8 3000 5 47
w0 ©
o
2000 1 o
2 -
1000 -
01—+ _i—h""r‘h—f— : - - 0 . : . : : : : .
0 20 40 60 80 10 20 30 40 50 60 70 80 90
Days under stress Future day

Figure 4: Duration diagnostics at A = 10,000. Left: the unconditional occupation-time distri-
bution with ETUS and conditional ETUS. Right: breach probability by future day;
its discrete time sum equals ETUS up to floating-point error.

10.3 Threshold sensitivity

The sensitivity table shows why probability and duration should be reported together. A low
threshold produces rare stress, while a higher threshold classifies most paths as stressed and

11
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Table 4: Sensitivity to the illustrative liquidity threshold.

Threshold Breach probability ETUS Conditional ETUS Terminal breach
9,900 9.63% 1.3503 days 14.0218 days 0.61%
10,000 30.76%  4.0808 days 13.2666 days 1.10%
10,050 81.92%  7.7197 days 9.4235 days 1.37%

substantially increases expected duration. Threshold choice is therefore a governed Treasury
input, not a quantity inferred from a preferred result.

Limitation of the synthetic example. The moderately positive reference plan is an illus-
trative design choice, not an estimate of a bank’s expected funding surplus. It removes the
mechanically declining baseline of the previous example and permits both stressed and recov-
ering paths. The resulting recovery frequency is useful for demonstrating the metric set, but
it must not be interpreted as evidence about an actual Treasury portfolio.

11 Validation and Model Governance

Validation must follow the complete chain from plan vintages to reported path measures. His-
torical plans should be versioned and reconciled to realised cash flows under stable sign, cur-
rency and aggregation conventions. Factor observations must reflect the information available
at each date.

LASSO validation should assess time-ordered out-of-sample performance, selection stability
and residual diagnostics. The selected-factor union and factor order must be persisted before
JFA calibration. For the JFA baseline, validation covers stability of ®, innovation diagnostics,
parameter sensitivity and robustness of 3,,. Residual diagnostics challenge 3. or the empirical
resampling design and the assumption Cov(uy,€) = 0.

Monte Carlo convergence should be assessed for ETUS, conditional ETUS, breach probability
and tail quantiles of excursion duration and severity. Grid sensitivity matters because coarse
buckets can miss short crossings or misstate first passage and recovery. Excursion detection
should be checked against deterministic edge cases, including no breach, boundary equality,
multiple episodes and terminal censoring.

The numerical checks confirm the occupation-time/excursion-duration identity exactly on the
discrete grid and the ETUS /probability-sum identity to a maximum error of 8.88 x 10~1¢ across
the three reported thresholds. These are implementation consistency checks for the synthetic
example, not empirical model validation.

11.1 Core assumptions and limitations

The framework assumes that historical plan-deviation relationships are informative for the
simulation horizon, scenario dynamics are sufficiently stable for their intended use, and the

12
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plan and threshold are internally coherent. These assumptions may fail during structural
breaks, balance-sheet transformations or unprecedented liquidity events.

Model risk is concentrated not only in statistical estimation but also in perimeter choice,
behavioural assumptions, plan-vintage integrity, factor information timing, threshold design
and recovery rules. Governance should retain both model artifacts and scenario paths so that
Treasury can explain which positions, selected factors and residual shocks drive reported stress
duration.

12 Conclusion

The liquidity ladder remains the natural starting point for Treasury analysis. Extending it
into a distribution of stochastic liquidity paths makes it possible to answer questions that a
single plan, endpoint quantile or minimum-liquidity statistic cannot answer.

Expected Time Under Stress provides an interpretable duration measure in units of calendar
time. Conditional ETUS separates duration among stressed scenarios from breach frequency.
Excursion-based statistics reveal onset, persistence, recurrence and recovery, while maximum
depth and integrated shortfall add severity. The contribution is an integrated occupation-and-
excursion framework that makes the temporal structure of simulated liquidity stress visible
and actionable for quantitative Treasury.

The architecture separates planned cash flows, position-level factor selection, selected-factor
scenario generation and residual cash-flow simulation. The first-order JFA is a transparent
baseline, but the path analytics remain independent of that choice. The numerical illustration
demonstrates the operational consequence: almost identical endpoint and minimum liquid-
ity can coexist with materially different stress duration, excursion structure and integrated
shortfall.
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